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DEFINABLY COMPACT GROUPS DEFINABLE IN REAL CLOSED
FIELDS.I
ELIANA BARRIGA
Abstract. We study definably compact definably connected groups definable in a suffi-
ciently saturated real closed field R. We introduce the notion of group-generic point for∨
-definable groups and show the existence of group-generic points for definably compact
groups definable in a sufficiently saturated o-minimal expansion of a real closed field. We
use this notion along with some properties of generic sets to prove that for every definably
compact definably connected group G definable in R there are a connected R-algebraic
group H , a definable injective map φ from a generic definable neighborhood of the identity
of G into the group H (R) of R-points of H such that φ acts as a group homomorphism
inside its domain. This result is used in [2] to prove that the o-minimal universal cov-
ering group of an abelian connected definably compact group definable in a sufficiently
saturated real closed field R is, up to locally definable isomorphisms, an open connected
locally definable subgroup of the o-minimal universal covering group of the R-points of
some R-algebraic group.
1. Introduction
This is the first of two papers around definably compact groups definable in real closed
fields.
Definable groups in o-minimal structures have been intensively studied in the last three
decades, and it is a field of current research. A real closed field is an ordered field elemen-
tarily equivalent to the real ordered field R; for instance, R, the real algebraic numbers
Ralg, the ℵ1-saturated hyperreal numbers ∗R, which has infinite and infinitesimal elements,
among other examples. By quantifier elimination in real closed fields (Tarski-Seidenberg),
the definable sets in a real closed field R are the semialgebraic sets over R; namely, sets that
are finite Boolean combination of sets of solutions of finitely many polynomial equations
and inequalities over R. Since a real closed field is an o-minimal structure (i.e., an ordered
structure for which every definable subset of its universe is a finite union of points and
intervals, see e.g., [24]), then semialgebraic groups over a real closed field can be seen as
a generalization of the semialgebraic groups over the real field R, and also as a particular
case of the groups definable in an o-minimal structure.
There is a closed relation between groups definable in a field F and F -algebraic groups.
Given an F -algebraic group H, the group of F -points H (F ) is a definable group in F . When
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F is an algebraically closed field, every definable group in F is F -definably isomorphic, as
an F -definable group, to some F -algebraic group ([4, 23]); this fact is a version of Weil’s
theorem that asserts that any F -algebraic group can be recovered from birational data
[25]. However, when F is real closed, there are semialgebraic groups over F that are not
F -definably isomorphic to H (F ) for any F -algebraic group H (e.g., consider the group
([0, 1) ⊆ F,+mod 1)).
Hrushovski and Pillay formulated in [11, 12] a relationship between a semialgebraic group
G over a real closed field R and the set of R-points H (R) of some R-algebraic group H.
It roughly states that although the group operation of a semialgebraic group is given by a
semialgebraic function, it is locally given by a rational function. More specifically, it assures
the following.
Fact 1.1. [11, 12, Thm. A] Let G be a definably connected semialgebraic group over a
real closed field R = (R,<,+, 0, ·, 1). Then there are a connected R-algebraic group H,
a semialgebraic neighborhood U of the identity of G, and a semialgebraic homeomorphism
f : U → f (U) ⊆ H (R), where H (R) is the set of R-points of H, such that x, y, xy ∈ U
implies f (xy) = f (x) f (y).
Where by a definably connected group definable in R we mean that G has no proper
(R)-definable subgroups of finite index.
Nevertheless, the neighborhood around the identity of G given by the above Hrushovski
and Pillay’s result could not give enough information about G; for instance, if U is too
small. Consider the following example, the group ([0, 1) ⊆ R,+mod 1) with addition modulo
1 is locally homomorphic to (R,+), where (R,<,+, 0, ·, 1) is a ℵ1-saturated real closed field.
More precisely, the definable bijection f : [0, β)∪ (1− β, 1)→ (−β, β) defined by f (x) = x
if x ∈ [0, β), or f (x) = x − 1 if x ∈ (1− β, 1), where 0 < β ≪ 1
n
for every n ∈ N (i.e.,
β is a positive infinitesimal), is a local homomorphism between ([0, 1) ⊆ R,+mod 1) and
(R,+), where by a local homomorphism between two groups we mean a map between some
neighborhoods of their identities that acts as a group homomorphism inside its domain (see
Def. 2.9). But U = [0, β) ∪ (1− β, 1) cannot cover G with finitely many group translates,
and even the subgroup 〈U〉 generated by U cannot say nothing about the torsion of G.
Fortunately, the definably compactness (see Def. 2.6) of G allows us to obtain a local
homomorphism between G and H(R) whose domain is a generic definable set in G.
From now on, we will follow the next conventions. By a sufficiently saturated structure
we mean a κ-saturated structure for some sufficiently large cardinal κ. By a type-definable
set in a sufficiently saturated structure M we mean a subset of Mn that is the intersection
of less than κ-many definable sets. And given a group G
∨
-definable in an o-minimal
structure, by G00 we denote the smallest type-definable subgroup of G of index < κ; if G
is definable, then G00 exists, by [21].
In this paper we prove the next theorem.
Theorem 5.1. Let G be a definably compact definably connected group definable in a suf-
ficiently saturated real closed field R. Then there are
(i) a connected R-algebraic group H such that dim (G) = dim (H (R)) = dim (H),
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(ii) a definable X ⊆ G such that G00 ⊆ X,
(iii) a definable homeomorphism φ : X ⊆ G → φ (X) ⊆ H (R) such that φ and φ−1 are
local homomorphisms.
To prove the above result we introduce the notion of group-generic point in Section 3. An
element a of a group G definable over A ⊆ M is called group-generic of G over A if every
A-definable X ⊆ G with a ∈ X is generic in G (namely, X covers G by finitely many group
translates), whereM = (M,<, . . .) is a sufficiently saturated o-minimal structure. We show
the existence of group-generic points in definably compact groups definable in a sufficiently
saturated o-minimal expansion of a real closed field (Prop. 3.4) as well as we establish some
properties of generic, group-generic points, and generic sets. With these tools we adapt the
proof of [11, Prop. 3.1] to obtain a strong version of the group configuration result for
definably compact groups (Prop. 4.2), which is one of the main ingredients for Theorem
5.1.
In the second paper ([2]) we combine Theorem 5.1 and a study of locally definable
covering homomorphisms for locally definable groups to prove the following: if G is an
abelian definably compact definably connected group G definable in a sufficiently saturated
real closed field, then its o-minimal universal covering group G˜ is definably isomorphic, as
a locally definable group, to a connected open locally definable subgroup of the o-minimal
universal covering group H˜ (R)0 of the group H (R)0 for some connected R-algebraic group
H.
This research is part of my PhD thesis at the Universidad de los Andes, Colombia and
University of Haifa, Israel.
1.1. The structure of the paper. Section 2 contains some basic background used through-
out the paper. Group-generic points are introduced and studied in Section 3. We define
group-generic points for
∨
-definable groups and show their existence in definably compact
groups definable in a sufficiently saturated o-minimal expansion of a real closed field as well
as we establish some of their properties and connections with generic points and generic
sets. In Section 4, we show a group configuration proposition for definably compact groups
(Prop. 4.2) used in the proof of the main result of this paper: Theorem 5.1, which is proved
in Section 5.
Notation. Our notation and any undefined term that we use from model theory, topol-
ogy, or algebraic geometry are generally standard. For a group G whose group opera-
tion is written multiplicatively, we use the following notation
∏
nX = X · . . . ·X︸ ︷︷ ︸
n-times
, and
Xn = {xn : x ∈ X} for any n ∈ N.
2. Preliminaries
Familiarity with basic facts about o-minimality is assumed (they can be found in [14],
[20], and [24]).
Given a first-order structure M with universe M , we say that a set C ⊆Mk is definable
in M over A ⊆M if there is a first order formula ψ (x) with parameters from A such that
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C =
{
c ∈Mk :M |= ψ (c)}. A set C ⊆ Mk is definable in M if it is definable over M . A
function f : C ⊆ Mk → Mn is definable if its graph is a definable set. A group (G, ·) is
definable if G is a definable set and its group multiplication is a definable function.
In an o-minimal structure M = (M,<, . . .) with C ⊆Mk definable in M, we define the
(geometric) dimension of C, dim (C), as the maximal n ≤ m such that the projection of
C onto n coordinates contains an open set of Mn, where Mn has the product topology
induced by the order topology on M .
From now until the end of this section, let M = (M,<, . . .) be a sufficiently saturated
o-minimal structure.
2.1. Algebraic dimension and generic points. Recall that for A ⊆M and b ∈M , b is
in the algebraic closure of A (b ∈ acl (A)) if b is an element of a finite A-definable set. And
b is in the definable closure of A (b ∈ dcl (A)) if the singleton {b} is A-definable. We can
consider in this definitions of algebraic and definable closure finite tuples from M instead
of elements of M with exactly the same definitions.
By the Exchange Lemma ([20, Thm. 4.1]), we can define a model theoretic notion of
dimension.
Definition 2.1. Let A ⊆ M and a tuple a ∈ Mn. The (acl-)dimension of a over A,
dim (a/A), is the cardinality of any maximal A-algebraically independent subtuple of a. If
p ∈ S (A), then dim (p) = dim (a/A) for any tuple a ∈Mn realising p.
We recall some properties of this notion of dimension.
Fact 2.2. [19, Lemma 1.2] Let A,B ⊆M and tuples a ∈Mn and b ∈Mm.
(i) If A ⊆ B, then dim (a/A) ≥ dim (a/B).
(ii) (Additivity) dim (ab/A) = dim (a/Ab) + dim (b/A).
(iii) (Symmetry) dim (a/Ab) = dim (a/A) ⇔ dim (b/Aa) = dim (b/A).
(iv) Let p ∈ S (A). If A ⊆ B, there is q ∈ S (B) such that q ⊇ p and dim (p) = dim (q).
Definition 2.3. Let A ⊆M and tuples a ∈Mn and b ∈Mm.
(i) a is independent from b over A, denoted by a |⌣A b, if dim (a/A) = dim (a/Ab), which
is also expressed by saying that tp (a/Ab) does not fork over A.
(ii) Let X ⊆Mn A-definable and a ∈ X. a is a generic point of X over A if dim (a/A) =
dim (X).
Note, by [19, Lemma 1.4], that the (geometric) dimension of an A-definable set X ⊆Mn
satisfies dim (X) = max {dim (a/A) : a ∈ X}.
SinceM is sufficiently saturated, we have that for every X ⊆Mn definable over A ⊆M ,
with |A| < κ, there is a ∈ X generic of X over A.
2.2.
∨
-definable groups.
Definition 2.4. A
∨
-definable group is a group (U , ·) whose universe is an union U =⋃
i∈I Zi of M-definable subsets of Mn for some fixed n, all defined over A ⊆ M with
|A| < κ such that for every i, j ∈ I
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(i) there is k ∈ I such that Zi ∪ Zj ⊆ Zk (i.e., the union is directed), and
(ii) the group operation · |Zi×Zj and group inverse (·)−1 |Zi are M-definable maps into
Mn.
We say that (U , ·) is locally M-definable if |I| is countable.
A map between
∨
-definable (locally definable) groups is called
∨
-definable (locally M-
definable) if its restriction to any M-definable set is a M-definable map.
We define dim (U) = max {dim (Zi) : i ∈ I}.
An element a ∈ U is generic of U over A is dim (a/A) = dim (U).
Examples 2.5. (i) Let G be a M-definable group, and X ⊆ G definable containing
the identity element of G. Then the subgroup U = 〈X〉 = ⋃n∈N×∏nX · X−1 of G
generated by X is a locally M-definable group. Then, in particular, every countable
group is a locally definable group in any structure as well as the commutator subgroup
[G,G] of a M-definable group G.
(ii) The o-minimal universal covering group (see [6]) of a connected locally M-definable
group exists and is a locally M-definable group.
(iii) ([7]) Let (G,<,+) be a sufficiently saturated ordered divisible abelian group, and
in it take an infinite increasing sequence of elements 0 < a1 < a2 < · · · such that
nai < ai+1 for every n ∈ N. The subgroup U =
⋃
i (−ai, ai) of G is a
∨
-definable
group. This group has the distinction of having no U00, and is not definably generated.
Any
∨
-definable group inM can be endowed with a topology τ making it into a topologi-
cal group ([17, Prop. 2.2]). This fact was a generalization by Peterzil and Starchenko [17] of
the known result for the definable groups by Pillay [19]. In caseM expands the reals, that
topology makes any definable group into a real Lie group. Moreover, any
∨
-definable homo-
morphism between two
∨
-definable groups is continuous with respect to their τ topologies
[17, Lemma 2.8], and any
∨
-definable subgroup W of a ∨-definable group U is τ -closed in
W, and if W and U have the same dimension, then W is also τ -open in W [17, Lemma
2.6]. For the rest of the paper any topological property of
∨
-definable groups refers to this
τ topology.
Definition 2.6. Let U be a ∨-definable group.
(i) U is (τ -)connected if U has no nonempty proper (τ -)clopen subset such that its inter-
section with any definable subset of U is definable.
(ii) U is (τ -)definably compact if every definable path γ : (0, 1) → U has limits points in
U (where the limits are taken with respect to the τ -topology).
Note that if U is a definable group, the above definition of connectedness agrees with the
known notion of definable connectedness for definable groups.
2.3. Generic sets in
∨
-definable groups.
Definition 2.7. Let U be a ∨-definable group. A set X ⊆ U is left (right) generic in U if
less than κ-many left (right) group translates of X cover U . X is generic if it is both left
and right generic, and X is called n-generic if n-group translates of X cover U .
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Thus, by saturation, a definable subset generic in a definable group covers the group
in finitely many group translates. Moreover, by [7, Fact 2.3(2)], any left generic definable
subset of a connected
∨
-definable group U generates U .
Some examples of generic definable subsets of a definable group G are the large subsets
in G; namely, a definable set Y ⊆ G such that dim (G \ Y ) < dim (G), this fact was proved
by Pillay in [19, Lemma 2.4]. Also, note that for the additive group (M,+) a definable
generic set X ⊆M is generic if and only if M \X is bounded. in M ([16, Remark 3.3]).
In case G is a definably compact definably connected group, by [9, Prop. 4.2], for any
definable set X ⊆ G, X is left generic if and only if X is right generic, so we just say
generic.
Fact 2.8. [16, Thm. 3.7] Assume G is a definably connected group definable in a sufficiently
saturated o-minimal expansion of a real closed field, and X ⊆ G a definable set whose closure
in G is definably compact. If X is not left generic in G then G \X is right generic in G.
2.4. Local homomorphisms.
Definition 2.9. Let G1 and G2 be two topological groups, X ⊆ G1 a neighborhood of
the identity of G1, and θ : X → G2 a map. θ is called a local homomorphism if x, y, xy ∈
X implies θ (xy) = θ (x) θ (y). We say that an injective map θ : X ⊆ G1 → G2 is a
local homomorphism in both directions if θ : X → G2 and θ−1 : θ (X) → X are local
homomorphisms.
Remark 2.10. Note that if θ : X ⊆ G1 → G2 is an injective local homomorphism between
the groups G1, G2, then θ
−1 : θ (X)→ X need not be a local homomorphism; for instance,
consider the groups G1 = (R,+), G2 = ([0, 1) ,+mod 1), and θ :
[−18 , 18] ⊆ R → [0, 1)
the map θ (x) = π (3x) where π : R → [0, 1) : t 7→ tmod1. Then θ is an injective
local homomorphism, but θ−1 :
[
0, 38
] ∪ [38 , 1) = θ ([−18 , 18]) → [−18 , 18] ⊆ R is not a
local homomorphism. For this note that, for example 58 +mod 1
5
8 =
1
4 ∈ θ
([−18 , 18]), but
θ−1
(
5
8
)
+ θ−1
(
5
8
)
= −14 /∈
[−18 , 18]. In Claim 2.11 we formulate a necessary and sufficient
condition on a local homomorphism θ in order for θ−1 to be a local homomorphism.
Claim 2.11. Let θ : X ⊆ G1 → G2 be an injective local homomorphism between the groups
G1 and G2. Then
(i) θ−1 : θ (X) ⊆ G2 → X ⊆ G1 is a local homomorphism if and only if for all y1, y2 ∈
θ (X) if y1 · y2 ∈ θ (X), then θ−1 (y1) · θ−1 (y2) ∈ X.
(ii) If there is X ′ ⊆ X such that X ′ · X ′ ⊆ X, then θ |−1X′ : θ (X ′) → X ′ is a local
homomorphism.
Proof. (i) Let y1, y2, y1·y2 ∈ θ (X) such that θ−1 (y1)·θ−1 (y2) ∈ X, then θ
(
θ−1 (y1) · θ−1 (y2)
)
=
y1 · y2 ⇔θ−1 (y1 · y2) = θ−1 (y1) · θ−1 (y2). The other direction is clear.
(ii) Let θ (x1), θ (x2), θ (x1)·θ (x2) ∈ θ (X ′). Since X ′ ·X ′ ⊆ X, θ (x1 · x2) = θ (x1)·θ (x2),
then θ−1 (θ (x1)) · θ−1 (θ (x2)) = x1 · x2 = θ−1 (θ (x1) · θ (x2)) ∈ θ−1 (θ (X ′)) = X ′. 
Remark 2.12. Let G1 and G2 be two groups, and W ⊆ G1. Let θ : W → G2 be an
injective local homomorphism. If there is W ′ ⊆W such that W ′W ′ ⊆W , then (θ |W ′)−1 :
θ (W ′)→W ′ ⊆ G1 is a local homomorphism.
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Proof. Let x, y ∈ W ′. Since W ′W ′ ⊆ W , θ (xy) = θ (x) θ (y), then θ−1 (θ (x)) θ−1 (θ (y)) =
xy = θ−1 (θ (x) θ (y)). 
3. Group-generic points for
∨
-definable groups
From now until the end of this chapter, M is a sufficiently saturated o-minimal expansion
of a real closed field.
Definition 3.1. Let U be a ∨-definable group over A ⊆M and a ∈ U .
(i) a is a left (right) group-generic point of U over A if every A-definable X ⊆ U with
a ∈ X is left (right) in U . a is group-generic if it is both left and right generic.
(ii) A type p is generic in U if for every formula ϕ ∈ p, ϕ defines a generic subset in U .
Therefore, a ∈ U is group-generic of U over A if and only if tp (a/A) is generic in U .
Remark 3.2. Let G be a group definable over A ⊆M , and a ∈ G. If a is group-generic of
G over A, then a is generic of G over A.
Proof. Suppose that there is an A-definable set Y with a ∈ Y and dim (Y ) < dim (G),
then dim (Y ∩G) < dim (G), then Y ∩ G cannot be generic in G, but this contradicts the
group-genericity of a. 
3.1. Basics on group-generic points. Below we will discuss some properties of group-
generic points and their relationships with generic points and generic sets.
The next fact is a consequence of [16, Thm. 3.7].
Fact 3.3. [16] Let G be a definably compact definably connected definable group. Then:
(i) The union of two nongeneric definable subsets in G is also nongeneric in G.
(ii) The set
I = {X ⊆ G : X is definable and nongeneric in G}
is an ideal of (Def (G) ,∪,∩), the Boolean algebra of definable subsets of G.
(iii) There is a complete generic type p (x) ∈ SM (A) in G.
Proposition 3.4. Let G be a definably compact definably connected definable over A ⊆M
group. Then:
(i) If |A| < κ, then there is a group-generic point a of G over A.
(ii) Let p ∈ SM (A) be a generic type in G. Then for any B such that A ⊆ B ⊆M there
is a generic type q ∈ SM (B) in G such that q ⊇ p and q|A = p.
Proof. (i) By Fact 3.3(iii), there is a complete generic type p (x) ∈ SM (A) in G. Then, by
saturation, there is a |= p, so tp (a/A) = p is generic in G; i.e., a is group-generic of G over
A.
(ii) Suppose that G = ϕ (M, a) for some LA-formula ϕ with a ⊆ A. Let
IB = {X ⊆ G : X is M-definable over B and nongeneric in G}
and
ΦB = {¬ψ ∧ ϕ : ψ is a LB-formula that defines in M a set in IB} .
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Let p := p∪ΦB. Then p is a partial type since if there are {θi}i<k1 ⊆ p, {¬ψj ∧ ϕ}j<k2 ⊆ ΦB
such that
∧
i<k1
θi∧
∧
j<k2
¬ψj∧ϕ is not satisfiable, then
∧
i<k1
θi →
∨
j<k2
ψj is satisfiable,
but
∧
i<k1
θi ∈ p and by Fact 3.3(i),
∨
j<k2
ψj is nongeneric, so there is a formula in p that
implies a nongeneric formula, which contradicts the genericity of p. Hence, p is finitely
satisfiable. Now, let q (x) be any complete type in SM (B) such that q ⊇ p, then q is a
generic type in G and q|A = p. This finishes the proof of (ii). 
Corollary 3.5. Let G be a definably compact definably connected group definable over
A ⊆ M with |A| < κ. Let a ∈ G be a group-generic element of G over A , and c a finite
tuple from M . Then,
(i) there is a′ ∈ G such that tpM (a′/A) = tpM (a/A) and a′ is a group-generic element
of G over Ac.
(ii) There is c′ a finite tuple from M such that tpM (c′/A) = tpM (c/A) and a is a group-
generic element of G over Ac′.
(iii) There is c′ a generic element of G over Aa such that a is group-generic of G over Ac′.
(iv) Let b ∈ G group-generic of G over Ac. If c′ is a finite tuple from M such that
tpM (c′/Ab) = tpM (c/Ab), then b is group-generic of G over Ac′.
(v) Let b ∈ G group-generic of G over A and a group-generic of G over Ab. Then there
is c′ a finite tuple from M such that tpM (c′/A) = tpM (c/A), and b and a are group-
generic of G over Ac′ and Abc′, respectively.
(vi) Let b ∈ G group-generic of G over A and a group-generic of G over Ab. Then there is
c′ generic of G over Aab such that b and a are group-generic of G over Ac′ and Abc′,
respectively.
Proof. (i) Since a is group-generic of G over A, tpM (a/A) is a complete generic type in G.
Let B = Ac. Then by Prop. 3.4(ii), there is a generic type q ∈ SM (B) in G such that
q ⊇ tpM (a/A) and q|A = tpM (a/A). As M is sufficiently saturated, there is a′ ⊆M such
that a′ |= q, thus tpM (a′/B) = q. Since q|A = tpM (a/A), tpM (a′/A) = tpM (a/A).
(ii) By (i), there is a′ ⊆M such that tpM (a′/A) = tpM (a/A) and a′ is a group-generic
element of G over Ac. As M is sufficiently saturated, tpM (a′/A) = tpM (a/A) if and only
if there is f ∈ Aut (M/A) such that f (a′) = a. Then a′ is a group-generic element of G
over Ac if and only if a is a group-generic element of G over Af (c), so with c′ = f (c) we
obtain the desired conclusion.
(iii) Let c be a generic element of G over A. By (ii), there is c′ ⊆ M such that
tpM (c′/A) = tpM (c/A) and a is a group-generic element of G over Ac′. As a is group-
generic of G over Ac′, a |⌣A c′. Since tpM (c′/A) = tpM (c/A) and c is generic of G over
A, then c′ is generic of G over A, but c′ |⌣A a, then c′ is generic of G over Aa.
(iv) First note the following.
Claim 3.6. Let b ∈ G group-generic of G over Ac, and f ∈ Aut (M/A). Then f (b) is
group-generic of G over Af (c).
Proof. Let ϕ (x, a′′, f (c)) be a LAf(c)-formula with a′′ a finite tuple from A such thatM |=
ϕ (f (b) , a′′, f (c)) and ϕ (M, a′′, f (c)) ⊆ G. We will see that ϕ (G, a′′, f (c)) is generic in
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G. As f (b) |= ϕ (x, a′′, f (c)) if and only if b |= ϕ (x, a′′, c), then ϕ (G, a′′, c) is generic
in G. From this it is easy to see that ϕ (G, a′′, f (c)) is also generic in G. Thus f (b) is
group-generic of G over Af (c). 
Now, as tpM (c′/Ab) = tpM (c/Ab), then there is f ∈ Aut (M/Ab) such that f (c) = c′.
Since b ∈ G group-generic of G over Ac, the above claim yields b = f (b) is group-generic
of G over Ac′.
(v) By (ii), there is c1 a tuple from M such that tp
M (c1/A) = tp
M (c/A) and b is group-
generic of G over Ac1. Again by (ii), there is c
′ a tuple from M such that tpM (c′/Ab) =
tpM (c1/Ab) and a is group-generic of G over Abc
′. And by (iv), b is group-generic of G
over Ac′.
(vi) Let c be a generic element of G over A. By (v), there is c′ a tuple from M such that
tpM (c′/A) = tpM (c/A), and b and a are group-generic of G over Ac′ and Abc′, respectively.
Since tpM (c′/A) = tpM (c/A), a |⌣Ab c′, and b |⌣A c′, then c′ is generic of G over Aab.

Remark 3.7. Let G be a group definable over A ⊆M . If a is group-generic of G over A,
then a is group-generic of G over aclM (A).
Proof. Let c ∈ aclM (A), and assume that a |= ϕ (x, c) for some Lc-formula ϕ (x, c) that
defines a subset of G. We will see that ϕ (G, c) is generic in G. Since c ∈ aclM (A) and M
is an ordered structure, aclM = dclM. Then there is c′ ∈ A such that γ (M, c′) = {c}.
Thus, if φ (x, c′) = (∃!z) (ϕ (x, z) ∧ γ (z, c′)), then a |= φ (x, c′).
Since a is group-generic of G over A, φ (M, c′) is generic in G. Therefore, there are
g1, . . . , gn ∈ G such that for every g ∈ G there is g′ |= φ (M, c′) such that g = gi · g′ for
some i ∈ {1, . . . , n}. But γ (M, c′) = {c} ,then g′ |= ϕ (x, c). Thus ϕ (G, c) is generic in G.

Remark 3.8. If G is a group definable over A ⊆M and a ∈ G is generic of G over A, then
a need not be group-generic of G over A. For instance, consider a sufficiently saturated real
closed field R = (R,<,+, 0, ·, 1) and its additive group G = (R,+). By saturation, there
is α ∈ ⋂n∈N (0, 1n). Since dim (α/∅) = tr.deg (Q (α) : Q) = 1 = dim (G), then α is generic
of G over ∅, but α is not group-generic of G over ∅ since α ∈ (0, 1) and (0, 1) cannot cover
G by finitely many group translates.
Remark 3.9. Let X ⊆ Mn definable over A ⊆ M . If b ∈ X is generic of X over A and
a ∈ X is generic of X over Ab, then b is generic of X over Aa.
Proof. Since a is generic of X over Ab, a |⌣A b. By the symmetry of the independence
(Fact 2.2(iii)), b |⌣A a, so b is generic of X over Aa. 
Remark 3.10. If G is a group definable over A ⊆M , b ∈ G is group-generic of G over A
and a ∈ G is group-generic of G over Ab, then b need not be group-generic of G over Aa.
For instance, consider a sufficiently saturated real closed field R = (R,<,+, 0, ·, 1). Let
[0, 1) ⊆ R and G = ([0, 1) ,+mod 1).
We will find a, b ∈ G such that b and a are group-generic of G over A and Ab, respectively,
but with b not group-generic of G over Aa.
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Let ϕ be a LA-formula that defines G.
Let
IA = {ψ : ψ is a LA-formula and ψ (R) ⊆ G is nongeneric in G} .
Let θn (x) = 0 < x <
1
n
for n ∈ N \ {0}, and let
ΓA = {¬ψ ∧ ϕ, θn : ψ ∈ IA, n ∈ N \ {0}} .
ΓA is a partial type because if
(∧
i<k1
¬ψi ∧ ϕ ∧
∧
i<k2
θj
)
(R) = ∅, then (∧i<k2 θj) (R) ⊆(∨
i<k1
ψi
)
(R), but the finite union of nongeneric definable subsets in G is nongeneric, so(∨
i<k1
ψi
)
(R) cannot contain the generic set (∧i<k2 θj) (R), thus ΓA is a partial type.
Moreover, ΓA is generic in G because every formula in ΓA defines a generic subset in G.
Now, let p ∈ SR (A) with p ⊇ ΓA, then p is also generic in G, otherwise if there is φ ∈ p
defining a nongeneric subset in G, then ¬φ ∧ ϕ, φ ∈ p, but this is a contradiction.
By saturation, there is b |= p, thus b is group-generic of G over A.
Following, we will show the existence of a group-generic point a of G over Ab that is also
a positive infinitesimal, but b is not group-generic of G over Aa.
Let
IAb = {ψ : ψ is a LAb-formula and ψ (R) ⊆ G is nongeneric in G} .
Let
ΓAb = {¬ψ ∧ ϕ, θn : ψ ∈ IAb, n ∈ N \ {0}}
with θn (x) = 0 < x <
1
n
for n ∈ N \ {0} as above.
As before, ΓAb is a generic partial type in G and if q ∈ SR (Ab) with q ⊇ ΓAb, then q is
generic in G.
By saturation, there is a |= q, thus a is group-generic of G over Ab.
Notice that 0 < b < a, otherwise if a < b , then a ∈ (0, b) and since (0, b) is an Ab-
definable subset of G, the group-genericity of a implies that (0, b) is generic in G, but
this is not possible since b is infinitesimal. Therefore, b ∈ (0, a), which is an Aa-definable
interval of infinitesimal length, then (0, a) cannot be generic in G, so b is not group-generic
in G over Aa. Thus we finish Remark 3.10.
Fact 3.11. [19, Lemma 2.1] Let G be a group definable over A ⊆M . Let a, b ∈ G, then:
(i) If a is generic of G over Ab, then ab is generic of G over Ab.
(ii) There are b1, b2 ∈ G generic of G over Ab such that b = b1b2.
Claim 3.12. Let G be a group definable over A ⊆M . Let a, b ∈ G, then:
(i) If a is group-generic of G over Ab, then ab is group-generic of G over Ab.
(ii) If there is a group-generic point of G over Ab, then there are b1, b2 ∈ G group-generic
of G over Ab such that b = b1b2.
Proof. (i) We will show that ab is group-generic of G over Ab, so let X ⊆ G Ab-definable
with ab ∈ X. Since a ∈ Xb−1 and a is group-generic of G over Ab, then Xb−1 is generic in
G, so is X.
(ii) By hypothesis, there is a group-generic point b1 of G over Ab. Since b
−1
1 is also group-
generic of G over Ab, (i) implies b2 = b
−1
1 b is group-generic of G over Ab, and b = b1
(
b−11 b
)
.

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3.2. Generic sets in the product group. In this subsection we prove some properties
of generic definable subsets of the product group G ×G for a definably compact group G.
Lemmas 3.15 and 3.20 will be used in the proof of Theorem 5.1.
We first recall the notion of a Keisler measure on G (which exists by [13, Thm. 7.7]),
and a Fubini (or symmetry) Theorem ([13, Prop. 7.5]).
Definition 3.13. Let X ⊆Mn definable.
(i) A (global) Keisler measure µ on X is a finitely additive probability measure on
Def (X) (the set of all definable subsets of X); i.e., a map µ : Def (X)→ [0, 1] ⊆M
such that µ (∅) = 0, µ (X) = 1, and for X1,X2 ∈ Def (X), µ (X1 ∪X2) = µ (X1) +
µ (X2)− µ (X1 ∩X2).
(ii) If µ is a Keisler measure on a definable group G, µ is left (right) invariant if µ (gY ) =
µ (Y ) (µ (Y g) = µ (Y )) for every g ∈ G and Y ∈ Def (G). µ is called generic if:
µ (Y ) > 0 if and only if Y ∈ Def (G) and Y is generic in G.
Note that if µ1 and µ2 are two Keisler measures on a definable group G, we can define
a Keisler measure µ1 ⊗ µ2 on G × G as follows: for a definable set D ⊆ G × G, µ1 ⊗
µ2 (D) =
∫
µ1 (Dy) dµ2 where Dy = {x ∈ G : (x, y) ∈ D}. Note that function y 7→ µ1 (Dy)
is integrable with respect to µ2 ([13]).
The next fact gathers Proposition 7.5 and Theorem 7.7 in [13] for the case of a definably
compact group.
Fact 3.14. [13] Let G be a definably connected definably compact group definable in M.
Then
(i) G has a unique left invariant (global) Keisler measure, which is also the unique right
invariant global Keisler measure on G. This measure is also generic.
(ii) If µ and λ are two left invariant (global) Keisler measures on G, then µ⊗ λ = λ⊗ µ
and is also left invariant.
Lemma 3.15. Let G be a definably connected definably compact group definable in M. Let
Z ⊆ G × G be a definable set. For each y ∈ G, let Zy = {x ∈ G : (x, y) ∈ Z}, Zgen =
{y ∈ G : Zy is generic in G}, and Zn = {y ∈ G : Zy isn-generic inG}. Then Z is generic
in G ×G if and only if Zgen is generic in G if and only if there is n ∈ N such that Zn is
generic in G.
Proof. First, observe that for every i ∈ N Zi ⊆ Zi+1, Zi is definable, and Zgen =
⋃
n∈N Zn.
Let Z ′1 = Z1, and Z
′
n = Zn \Zn−1 for n ≥ 2. Then Zgen =
⋃˙
n∈NZ
′
n. By saturation, Zgen is
generic in G if only if there is n ∈ N such that Zn is generic in G if only if there is n ∈ N
such that Z ′n is generic in G.
Second, by Theorem 7.7 in [13], G has a unique generic left invariant (global) Keisler
measure µ. Since the Keisler measure µ is left invariant, so is the Keisler measure µ⊗µ on
G×G. Thus again by [13, Theorem 7.7], µ⊗µ is the unique left invariant Keisler measure
on G×G.
For a set X we denote by 1X the indicator function of X; namely, 1X (a) = 1 if a ∈ X
and 1X (a) = 0 if a /∈ X.
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µ⊗ µ (Z) =
∫
G
µ (Zy) dµ(y)
=
∑
n∈N
∫
Z′n
µ (Zy) dµ(y)
=
∑
n∈N
∫
Z′n
(∫
G
1Zy (x) dµ(x)
)
dµ(y)
=
∑
n∈N
∫
Z′n
(∫
G
1Z (x, y) dµ(x)
)
dµ(y).
By Proposition 7.5 in [13],∫
Z′n
(∫
G
1Z (x, y) dµ(x)
)
dµ(y) =
∫
G
(∫
Z′n
1Z (x, y) dµ(y)
)
dµ(x).
Then,
µ⊗ µ (Z) =
∑
n∈N
∫
G
(∫
Z′n
1Z (x, y) dµ(y)
)
dµ(x)
=
∑
n∈N
∫
G
µ (Zx,n) dµ(x),
where Zx,n = {y ∈ Z ′n : (x, y) ∈ Z}.
Note that Zx,n ⊆ Z ′n and µ (Z ′n) ≤
∫
G
µ (Zx,n) dµ(x), then for every x ∈ G,
µ (Zx,n) ≤ µ (Z ′n) ≤ ∫
G
µ (Zx,n) dµ(x).
From the above equations, we have that µ⊗µ (Z) > 0⇔ (∃n ∈ N) (∫
G
µ (Zx,n) dµ(x) > 0
)
⇔ (∃n ∈ N) (∃x ∈ G) (µ (Zx,n) > 0) ⇔ (∃n ∈ N) (µ (Z ′n) > 0). Thus, Z is generic in G×G
if and only if there is n ∈ N such that Z ′n is generic in G, which is equivalent to Zgen is
generic in G by the first part of this proof. 
Observe that an analogous result can be proved in the same way for fibers of elements
in the first component of G×G.
Corollary 3.16. Let G be a definably connected definably compact group definable in M.
If b ∈ G is group-generic of G over A and a ∈ G is group-generic of G over Ab, then
(a, b) ∈ G×G is group-generic of G×G over A.
Proof. Let Z ⊆ G × G A-definable with (a, b) ∈ Z. Since a ∈ Zb = {x ∈ G : (x, b) ∈ Z},
which is Ab-definable, then Zb is generic in G, then b ∈ Zgen =
⋃
n∈N Zn, where Zn =
{y ∈ G : Zy isn-generic inG}. Therefore, there is n ∈ N such that b ∈ Zn. As Zn is A-
definable and b is group-generic of G over A, then Zn is generic in G. By Lemma 3.15, this
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is equivalent to Z is generic in G×G. Then (a, b) ∈ G×G is group-generic of G×G over
A. 
Remark 3.17. Let X ⊆ Mn definable over A ⊆ M . If b ∈ X is generic of X over A and
a ∈ X is generic of X over Ab, then (a, b) ∈ X ×X is generic of X ×X over A.
Proof. It follows directly from the additivity property of the (acl-)dimension (Fact 2.2(ii)).

Now, we will show that for a definably connected definably compact group G any defin-
able generic set in G×G contains a definable generic box.
Recall that every Hausdorff locally compact group G carries a natural measure called the
Haar measure. A left Haar measure m on G is a measure on the Borel algebra (namely, the
σ-algebra generated by all open sets of G) that is left invariant (i.e., m (gX) = m (X) for
every g ∈ G and Borel set X), finite on every compact subset of G, and positive for every
non-empty open subset of G. By Haar’s Theorem, G has, up to a positive multiplicative
constant, a unique nontrivial left Haar measure. If in addition G is compact, then their
left Haar measures coincide with their right Haar measures, and since m (G) <∞, we can
naturally choose a normalized Haar measure on G; namely, m (G) = 1.
Definition 3.18. Let G be a type-definable group. G is compactly dominated by (H,m, π),
whereH is a compact group,m is the unique normalized Haar measure onH and π : G→ H
is a surjective group homomorphism, if for any definable Y ⊆ G and for every c ∈ H outside
a set of m measure zero, either π−1 (c) ⊆ Y or π−1 (c) ⊆ G \ Y ; namely,
m
({
c ∈ H : π−1 (c) ∩ Y = ∅ and π−1 (c) ∩ (G \ Y ) = ∅}) = 0.
For what follows, we recall that given a
∨
-definable group U = ⋃i∈I Zi such that U00
exists we can endow the quotient group U/U00 with a topology, called the logic topology,
as follows: let π : U → U/U00 be the canonical projection map and set C ⊆ U/U00 to be
closed if and only if for every i ∈ I, π−1 (C)∩Zi is type-definable. Then, by [9, Lemma 7.5],
these closed sets generate a locally compact topology on U/U00 making it into a Hausdorff
topological group.
Fact 3.19. [10, 13] Let G be a definably connected definably compact group definable in
M, then G is compactly dominated by (G/G00,m, π) where m is the Haar measure of the
compact group G/G00 with its logic topology, and π : G→ G/G00 is the canonical surjective
homomorphism.
Lemma 3.20. Let G be a definably connected definably compact group definable in M. Let
Z be a definable generic subset in G × G. Then there are definable sets A,B ⊆ G generic
in G such that A×B ⊆ Z.
Proof. By [10, Theorem 10.1], G is compactly dominated by
(
G/G00,m, π
)
where m is the
Haar measure of G/G00, and π : G → G/G00 is the canonical surjective homomorphism.
And also G×G is compactly dominated by (G/G00 ×G/G00,m′, π) where m′ is the Haar
measure of G/G00 ×G/G00, and π : G×G→ G/G00 ×G/G00 is π = (π, π); i.e., π (x, y) =
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(π (x) , π (y)). Note that on (G×G) / (G00 ×G00), which can be set-theoretically identified
with G/G00 ×G/G00, the logic topology corresponds to the product topology on G/G00 ×
G/G00.
By [3, Proposition 2.1], there is g = (g1, g2) ∈ G×G such that G00 ×G00 ⊆ Z · g. Since
G00 × G00 is a type-definable set and Z · g is definable, saturation yields that there are
definable A∗, B∗ ⊆ G such that G00 ⊆ A∗, B∗ and A∗ ×B∗ ⊆ Z · g. Let A = A∗ · g−11 and
B = B∗ · g−12 , then A × B ⊆ Z and A,B are both definable and generic in G. This ends
the proof of the lemma. 
4. A group configuration proposition for definably compact groups
From now until the end of this paper assume that R = (R,<,+, ·) is a sufficiently satu-
rated real closed field.
For the proof of the next proposition we will adapt the notion of geometric structure and
substructure given in [11, Chapter 2]. Therefore, for the real closed field R, if L = {+, ·},
then the algebraic closure D = R
(√−1) of R is a geometric structure, and R viewed as an
L-structure is a geometric substructure of D and therefore satisfies the following:
(i) the algebraic closures of A ⊆ R in R in the model-theoretic and algebraic senses
coincide, and for every A ⊆ R the algebraic closure of A in R in the sense of the
L-structure R is precisely R ∩ aclD (A),
(ii) R is definably closed in D; that is, if b ∈ D and b ∈ aclD (R), then b ∈ R, and
(iii) for each L-formula ϕ (x, y) there is some N < ω such that any model R1 of Th (R)
and every b ∈ R1, if ϕ (x, y) defines a finite subset of R1, then it defines a set with at
most N elements.
We also adapt the same notation of Hrushovski and Pillay in [11], and we recall it below.
Notation 4.1. Let A ⊆ R and a a finite tuple from R. tp (a/A) denotes tpR (a/A), dcl (A)
denotes dclR (A).
qftp (a/A) denotes qftpD (a/A) that is the set of quantifier-free LA-formulas satisfied by
a in D. qfdcl (A) denotes qfdclD (A) that is the set of elements of D definable over A by
quantifier-free formulas, but since R is definably closed in D, so qfdclD (A) ⊆ R. Note that
since D has quantifier elimination, qfdclD (A) = dclD (A). Finally, by acl (A) we denote
aclD (A).
Recall that a group H definable in an algebraically closed field D isD-definably connected
if there is no proper nontrivial D-definable subgroup of H of finite index.
Proposition 4.2. Let D the algebraic closure of R. Let G be a definably compact definably
connected group definable in R. Then there are a finite subset A ⊆ R over which G is
defined, a D-definably connected group H definable in D over A, points a, b, c of G and
points a′, b′, c′ of H (R) such that
(i) a · b = c (in G) and a′ · b′ = c′ (in H),
(ii) acl (aA) = acl (a′A), acl (bA) = acl (b′A) and acl (cA) = acl (c′A),
(iii) b is a group-generic point of G over A, a is a group-generic point of G over Ab,
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(iv) a′ and b′ are generic points of H (R) over A and are independent with each other over
A.
Note that a′ and b′ are only generic and not group-generic.
Proof. This proof is essentially the same as that of [11, Proposition 3.1], what is new is that
we have to prove that the points a and b introduced below remain group-generic of G over
each of the sets of parameters defined by Hrushovski and Pillay in their proof. To achieve
this we summarize without proof the unmodified parts of the proof of [11, Proposition
3.1] and just focuses on the new parts. We refer the reader to [11] for appropriate model-
theoretic background.
The first part of the proof of Proposition 3.1 in [11] is devoted to yield a set-up in which
[11, Proposition 1.8.1] can be applied, and get with this the existence of the connected group
H definable in D mentioned in the conclusion of Proposition 3.1. This is done through a
series of lemmas and observations.
Let us start with a finite subset A0 of R over which G and its group operation are
defined. Let dim (G) = n. By Proposition 3.4(i), there is b ∈ G group-generic of G over
A0. By Prop. 3.4(ii) and saturation, there is a ∈ G group-generic of G over A0 ∪ {b}, then
a |⌣A0 b. Let c = a · b, then, by Claim 3.12, c is group-generic of G over A0 ∪{b}. And also
dim (a, b, c/A0) = dim (a, b/A0) = 2n.
In R, c ∈ dcl (a, b,A0) and b ∈ dcl (a, c,A0). Thus we start with three group-generic
points of G such that each two of them are independent (over some set of parameters) and
define the third in R. As Hrushovski and Pillay point out in [11], the key is to modify those
points by points in R such that two of them define the third in the structure D; namely,
that dcl is replaced by qfdcl in order to lay the foundations to apply [11, Prop. 1.8.1].
Lemma 4.3. There are a finite subset A2 of R, containing A0, and tuples a1, b1,, c1 in R
such that
(i) b and a are group-generic of G over A2 and A2b, respectively,
(ii) acl (a,A2) = acl (a1, A2), acl (b,A2) = acl (b1, A2), acl (c,A2) = acl (c1, A2),
(iii) b1 ∈ qfdcl (a1, c1, A2), and c1 ∈ qfdcl (a1, b1, A2).
Proof. The only thing we need to prove here is the existence of elements x′, z1 from R
satisfying the same conditions of the x′ and z1 of Hrushovski and Pillay in their original
proof of [11, Lemma 3.2] such that b and a are group-generic of G over A2 = A0x
′z1 and
A2b, respectively, because the rest of the proof is exactly the same as that of [11, Lemma
3.2].
Claim 4.4. (i) There is a generic point x′ of G over A0ab such that if A1 = A0x
′, then
b is group-generic of G over A1 and a is group-generic of G over A1b.
(ii) Consider A1 as in (i), then there is a generic point z1 of G over A1ab such that if
A2 = A1z1, then b is group-generic of G over A2 and a is group-generic of G over
A2b.
Proof. (i) Since b is group-generic of G over A0 and a is group-generic of G over A0b, then
Corollary 3.5(vi) yields the existence of a generic element x′ of G over A0ab such that b is
group-generic of G over A0x
′ and a is group-generic of G over A0x
′b.
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(ii) From the conclusion of (i) and Corollary 3.5(vi), we get the existence of a generic
point z1 of G over A1ab such that b is group-generic of G over A1z1 and a is group-generic
of G over A1z1b.

This ends the proof of Lemma 4.3. 
Now, let a1, b1, c1 and A2 be as given by Lemma 4.3, and A = acl (A2) ∩ R. Therefore,
a1, b1, c1 each have dimension n over A. Since acl (A2) ∩ R = aclR (A2), then Remark 3.7
implies that b and a are also group-generic of G over A and Ab, respectively.
[11, Remark 3.3] yields that qftp (b1, c1/A, a1) is stationary, and hence we can define the
canonical base σ of qftp (b1, c1/A, a1). Then σ ∈ qfdcl (A, a1). Since R is definably closed
in D, σ ∈ R.
Let
r = qftp (σ/A) , q1 = qftp (b1/A) , and q2 = qftp (c1/A) ,
then dim (q1) = dim (q2) = n.
By Remark 3.4 in [11], r is stationary, dim (r) = n, σ |⌣A b1, σ |⌣A c1, b1 ∈ qfdcl (σ, c1, A),
and c1 ∈ qfdcl (σ, b1, A). Therefore, there is some A-definable partial function in the sense
of D, say µ, such that c1 = µ (σ, b1). And note that whenever σ
′ |= r and b′1 |= q1 with
σ′ |⌣A b′1, then µ (σ′, b′1) is well-defined, realises q2 and is independent with each of σ′, b′1
over A. Similarly, as b1 ∈ qfdcl (σ, c1, A), there is some A-definable partial function in the
sense of D, say υ, such that b1 = υ (σ, c1). And note that whenever σ
′ |= r and c′1 |= q2
with σ′ |⌣A c′1, then υ (σ′, c′1) is well-defined, realises q1 and is independent with each of
σ′, c′1 over A.
Now, let σ1, σ2 |= r with σ1 |⌣A σ2 and σ1, σ2 ∈ R. Let b2 |= q1 such that b2 |⌣A {σ1, σ2}
and b2 ∈ R.
Then µ (σ1, b2) is defined, realises q2, and is independent with σ2 over A. Therefore,
υ (σ2, µ (σ1, b2)) is defined and realises q1. Denote υ (σ2, µ (σ1, b2)) by b3.
By Remark 3.6 in [11], b3 ∈ qfdcl (σ1, σ2, b2, A), b2 ∈ qfdcl (σ1, σ2, b3, A), each of b2, b3
is independent with {σ1, σ2} over A, and qftp (b2, b3/σ1, σ2, A) is stationary. Then we
can define the canonical base of qftp (b2, b3/σ1, σ2, A) and denote it by τ . Then τ ∈
qfdcl (σ1, σ2, A), so τ ∈ R.
Let s = qftp (τ/A). By [11, Lemma 3.7], dim (s) = n. As was proved in Remark 3.4
in [11], we have that b3 ∈ qfdcl (τ, b2, A), b2 ∈ qfdcl (τ, b3, A); moreover, τ is independent
with each of b2, b3 over A. Therefore, there is some A-definable partial function µ
′ in the
sense of D such that b3 = µ
′ (τ, b2), and whenever τ
′ |= s and b′1 |= q1 with τ ′ |⌣A b′1, then
µ′ (τ ′, b′1) is well-defined and realises q1.
At this stage Hrushovski and Pillay obtain two n-dimensional stationary types s and q1
over A that satisfy the hypothesis of [11, Proposition 1.8.1]. Moreover, the functions f and
g, which are quantifier-free definable in D over A, in the hypothesis of Prop. 1.8.1 in [11]
correspond to the functions f in [11, Lemma 3.8] and µ′, respectively.
Next comes the application of [11, Prop. 1.8.1]. Let H, X, h1, and h2 as given by
Prop. 1.8.1 in [11]. We can assume that h1, h2 are both the identity function. Thus H is a
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connected group definable in D over A with generic type s, X is a set definable in D over
A with generic type q1, and there is a transitive group action Λ : H ×X → X : (h, x) 7→
Λ (h, x), which is also definable in D over A.
Note that since τ ∈ H (R), τ |= s, and R viewed as an {+, ·}- structure is a geometric
substructure of D, then dim (H (R)) = n. Similarly, from b1 ∈ X (R) and b1 |= q1, we have
dim (X (R)) = n.
Moreover, we have the following:
(i) for τ1, τ2 |= s with τ1 |⌣A τ2, the product τ1 · τ2 in the group H is exactly f (τ1, τ2),
and
(ii) for any τ |= s and b |= q1 with τ |⌣A b, Λ (τ, b) is exactly µ′ (τ, b).
Since τ ∈ qfdcl (σ1, σ2, A), there is some A-definable partial function ξ in the sense of D
such that τ = ξ (σ1, σ2). And note that whenever σ
′
1, σ
′
2 |= r with σ′1 |⌣A σ′2, then ξ (σ′1, σ′2)
is well-defined, realises s and is independent with each of σ′1, σ
′
2 over A.
Finally, in the last part of this proof we introduce some new sets of parameters, define
the points a′, b′, c′ generic in H (R), and prove some interalgebraicity between them and
the points a, b, c.
Let σ, b1, c1 be as fixed after the proof of Lemma 4.3, which are all in R.
Claim 4.5. There is a tuple σ1 from R such that qftp (σ1/A) = qftp (σ/A), σ1 |⌣A{σ, b1, c1}, and b and a are group-generic of G over acl (Aσ1)∩R and (acl (Aσ1) ∩R)∪{b},
respectively.
Proof. Since r = qftp (σ/A) is stationary and every definable set in R has generic points in
R, then there is σ˜1 a tuple from R such that qftp (σ˜1/A) = qftp (σ/A) and σ˜1 |⌣A {σ, b1, c1}.
Then, by Corollary 3.5(v), there is σ1 ⊆ R such that tp (σ˜1/A) = tp (σ1/A), b and a are
group-generic of G over Aσ1 and Aσ1b, respectively. We will see that σ1 satisfies the same
properties of σ˜1.
First, since tp (σ˜1/A) = tp (σ1/A) and qftp (σ˜1/A) = qftp (σ/A), so qftp (σ1/A) =
qftp (σ/A). Second, from the construction throughout the proof of [11, Proposition 3.1],
we have that {σ, b1, c1} and {a, b} are interalgebraic over A. Then, σ1 |⌣A {σ, b1, c1} if and
only if σ1 |⌣A {a, b}. And note that since b |⌣A σ1 and a |⌣Ab σ1, then σ1 |⌣A {a, b}.
By Remark 3.7, if b and a are group-generic of G over Aσ1 and Aσ1b, respectively, then
b and a are group-generic of G over acl (A, σ1)∩R and (acl (A, σ1) ∩R)∪{b}, respectively.
This completes the proof of the claim. 
Let σ1 be as given by Claim 4.5. Then υ (σ1, c1) |= q1, is in R, and υ (σ1, c1) |⌣A σ1.
Let c2 = υ (σ1, c1). Also, we get ξ (σ1, σ) |= s, ξ (σ1, σ) |⌣A σ1, and is in H (R). Let
τ = ξ (σ1, σ), and A1 = acl (A, σ1) ∩R. Then so far we have that:
(i) b and a are group-generic of G over A1 and A1b, respectively,
(ii) acl (A1, a) = acl (A1, τ), acl (A1, c) = acl (A1, c2), and
(iii) τ |= s, b1 |= q1, and c2 |= q1.
We complete the proof of this proposition below.
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Since R is definably closed in D, for every τ ′ ∈ H (R) and every β ∈ X (R), Λ (τ ′, β) ∈
X (R). Moreover, H (R) acts on X (R) by the group action Λ restricted to H (R)×X (R),
which is definable in R over A.
Let us define a relation ∼ on X (R). For β1, β2 ∈ X (R) we say β1 ∼ β2 if and only if
β1 and β2 are both in the same H (R)-orbit, namely if β1 ∈ Λ (H (R) , β2). Then ∼ is an
equivalence relation on X (R) definable in R over A ⊆ A1.
Since R is o-minimal and has elimination of imaginaries, [15, Corollary 4.7] implies that
there are at most finitely many ∼-classes whose dimension equals to dim (X (R)). Therefore,
for every β generic of X (R) over A1, the equivalence class of β under ∼, denoted [β], has
dimension n and is a definable set in R over A ⊆ A1.
Now, recall that b1 is generic of X (R) over A1 and b1 |= q1, then [b1] is an n-dimensional
set definable in R over A1.
Let b′2 be a generic element of [b1] over A1. Then by Corollary 3.5(v), there is a tuple
b2 from R such that tp (b2/A1) = tp (b
′
2/A1), and b and a are group-generic of G over A1b2
and A1bb2, respectively. Since b
′
2 ∈ [b1] and [b1] is defined over A1, then b2 ∈ [b1]. Thus,
there is τ1 ∈ H (R) such that b2 = Λ
(
τ−11 , b1
)
.
Since a is also generic of G over A1bb2, then a |⌣A1 {b, b2}; thus b2 |⌣A1,b a. Also, as b is
also generic of G over A1b2, b2 |⌣A1 b. Therefore, b2 |⌣A1 {a, b}, thus b2 is generic of X (R)
over A1ab.
Now, since acl (A1, a) = acl (A1, τ) and acl (A1, b) = acl (A1, b1), then b2 |⌣A1 {τ, b1}.
Claim 4.6. (i) τ1 is generic of H (R) over A1τb1, and
(ii) τ1 is generic of H (R) over A1τb2.
(iii) τ is generic of H (R) over A1τ1b2.
Proof. (i) Note that
dim (τ1, b2/A1, τ, b1) = dim (b2/A1, τ, b1) + dim (τ1/A1, τ, b1, b2)
= n+ dim (τ1/A1, τ, b1, b2) .
Also, dim (τ1, b2/A1, τ, b1) = dim (τ1/A1, τ, b1) since b2 = Λ
(
τ−11 , b1
)
. Therefore, dim (τ1/A1, τ, b1) =
n.
(ii) First, observe that as b2 ∈ acl (A1, τ1, b1), then
dim (τ1, b2, b1/A1, τ) = dim (τ1, b1/A1, τ)
= dim (τ1/A1, τ, b1) + dim (b1/A1, τ)
= 2n.
Also,
dim (τ1, b2, b1/A1, τ) = dim (b2/A1, τ) + dim (τ1/A1, τ, b2)
= n+ dim (τ1/A1, τ, b2) .
Hence, dim (τ1/A1, τ, b2) = n.
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(iii) By (ii), τ1 |⌣A1,b2 τ , and since b2 |⌣A1 τ , then τ |⌣A1 {b2, τ1}. This finishes this
proof.

Claim 4.7. (i) acl (A1, b2, a) = acl (A1, b2, τ),
(ii) acl (A1, b2, b) = acl (A1, b2, τ1), and
(iii) acl (A1, b2, c) = acl (A1, b2, τ · τ1).
Proof. (i) It follows from acl (A1, a) = acl (A1, τ).
(ii) First, we will see that τ1 ∈ acl (A1, b2, b1).
dim (τ1, b2/A1, b1) = dim (b2/A1, b1) + dim (τ1/A1, b2, b1)
= n+ dim (τ1/A1, b2, b1) .
Also,
dim (τ1, b2/A1, b1) = dim (τ1/A1, b1) + dim (b2/A1, b1, τ1)
= n.
Then, τ1 ∈ acl (A1, b2, b1), and since b and b1 are interalgebraic over A1, so acl (A1, b2, τ1) ⊆
acl (A1, b2, b).
Additionally, b1 = Λ(τ1, b2), then b1 ∈ acl (A1, b2, τ1). So acl (A1, b2, b) ⊆ acl (A1, b2, τ1).
This completes (ii).
(iii) First, we will see that Λ (τ · τ1, b2) = c2. From the properties of the action and the
maps ν, µ, and ξ, we have
Λ (τ · τ1, b2) = Λ
(
τ · τ1,Λ
(
τ−11 , b1
))
= Λ
(
τ,Λ
(
τ1 · τ−11 , b1
))
= Λ(τ, b1) ,
c2 = ν (σ1, c1)
= ν (σ1, µ (σ, b1))
= Λ (ξ (σ1, σ) , b1)
= Λ (τ, b1) .
Then, Λ (τ · τ1, b2) = c2.
We will see that τ · τ1 ∈ acl (A1, b2, c2). By Fact 3.11, since τ is generic of H (R) over
A1τ1b2, then τ · τ1 is generic of H (R) over A1τ1b2.
Now, since b2 |⌣A1 {a, b} and acl (A1, c) = acl (A1, c2), c2 |⌣A1 b2, and thus we get
dim (τ · τ1, c2/A1, b2) = dim (c2/A1, b2) + dim (τ · τ1/A1, b2, c2)
= n+ dim (τ · τ1/A1, b2, c2) .
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Also,
dim (τ · τ1, c2/A1, b2) = dim (τ · τ1/A1, b2) + dim (c2/A1, b2, τ · τ1)
= n.
Thus, τ · τ1 ∈ acl (A1, b2, c2), and thus acl (A1, b2, τ · τ1) ⊆ acl (A1, b2, c). Finally, as
c2 = Λ(τ · τ1, b2) and acl (A1, c) = acl (A1, c2), then acl (A1, b2, c) ⊆ acl (A1, b2, τ · τ1), this
ends this proof.

Let A2 = acl (A1, b2)∩R, a′ = τ , b′ = τ1, and c′ = a′ · b′ the product of a′ by b′ in H. So
far we have proved that:
(i) By Remark 3.7, b and a are group-generic of G over A2 and A2b, respectively,
(ii) a′ and b′ are generic of H (R) over A2 and a
′ |⌣A2 b′,
(iii) acl (A2, a) = acl (A2, a
′), acl (A2, b) = acl (A2, b
′), and acl (A2, c) = acl (A2, c
′).
Finally, let A any finite subset of A2 over which G and H are defined with the obtained
properties. This concludes the proof of Proposition 4.2.

5. A local homomorphism with generic domain between a
semialgebraically compact semialgebraic group over R and the R-points
of an R-algebraic group
In this section we prove the main theorem of this paper:
Theorem 5.1. Let G be a definably compact definably connected group definable in R.
Then there are
(i) a connected R-algebraic group H such that dim (G) = dim (H (R)) = dim (H),
(ii) a definable X ⊆ G such that G00 ⊆ X,
(iii) a definable homeomorphism φ : X ⊆ G → φ (X) ⊆ H (R) such that φ and φ−1 are
local homomorphisms.
Proof. Denote by D the algebraic closure of R. By Proposition 4.2, there are a finite
subset A ⊆ R over which G is defined, a D-definably connected group H quantifier-free
A-definable in D, a group-generic point b of G over A, a group-generic point a of G over
Ab, thus c = a · b is also group-generic of G over Ab (this by Claim 3.12), as well as points
a′, b′, c′ = a′ · b′ ∈ H (R) generic in H (R) over A with the properties given there. Let k be
the subfield generated by A.
As every D-definably connected group definable over k in the algebraic closed field D
is definably isomorphic over k to a connected k-algebraic group ([4, 23]), we may assume
that H is such algebraic group. Moreover, by the conditions of the points a, b, c, a′, b′, c′ of
Proposition 4.2, the dimension of H as algebraic group is equal to the o-minimal dimensions
dim (G) and dim (H (R)).
Since a and a′ are interalgebraic over k inR and R is o-minimal, a and a′ are interdefinable
over k in R, and similarly for b, b′ and c, c′. From now on, we work in R and by definable
we will mean R-definable.
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By [11, Lemma 4.8(i)] (which holds for R instead of R), there are open k-definable
neighbourhoods U, V andW in G of a, b, c, respectively, and U ′, V ′,W ′ in H (R) of a′, b′, c′,
respectively, and k-definable functions f, g, and h such that f (a) = a′ and f is a definable
homeomorphism between U and U ′, g (b) = b′ and g is a definable homeomorphism between
V and V ′, and h (c) = c′ and h is a definable homeomorphism between W and W ′.
Let
Z = {(x, y) ∈ G×G : x ∈ U, y ∈ V, x · y ∈W,f (x) · g (y) = h (x · y)} .
Since b is group-generic in G over k and a is group-generic in G over kb, Corollary 3.16
yields (a, b) is group-generic in G×G over k. Thus, as Z is k-definable and (a, b) ∈ Z, then
Z is generic in G×G.
By Lemma 3.20, there are definable sets A,B generic in G such that A×B ⊆ Z.
Claim 5.2. Let X,Y definable sets generic in G. Then there is g ∈ G such that X ∩(
Y · g−1) is generic in G and that (X ∩ (Y · g−1)) · g ⊆ Y .
Proof. By genericity of X in G, there are g1, . . . , gk ∈ G such that G =
⋃
i≤kX · gi, hence
Y =
⋃
i≤k (X · gi) ∩ Y =
⋃
i≤k
(
X ∩ (Y · g−1i )) · gi. Since Y is generic, there is i ≤ k such
that
(
X ∩ (Y · g−1i )) · gi is generic in G. Thus, with g = gi we get the desired result. 
Then by the above claim applied to A−1 and B, there is g ∈ G such that (A−1 ∩ (B · g−1))·
g is generic and contained in B. Then if A′ = A ∩ (g · B−1), so A′ is generic in G and
(A′)−1 · g ⊆ B. By [3, Proposition 2.1], there is s ∈ A′ such that s · G00 ⊆ A′. Since
A′ = A∩ (g ·B−1), s = g · b−1 for some b ∈ B. Let t = b. Note that s · t ∈ A′ ·B ⊆W . So
far we have shown that there are generic sets A′ and B in G such that
(i) A′ ×B ⊆ Z , and
(ii) There is (s, t) ∈ A′ ×B such that s ·G00 ⊆ A′ and (A′)−1 · (s · t) ⊆ B.
Let X = (A′)−1 · s, then G00 ⊆ X. Finally, we will define the local homomorphism.
Proposition 5.3. The definable homeomorphism
φ : X =
(
A′
)−1 · s→ (f(A′))−1 · f (s)
defined by φ
(
x−1 · s) = f (x)−1 · f (s) for x ∈ A′, and its inverse
φ−1 :
(
f(A′)
)−1 · f (s)→ X,
which is given by φ−1
(
y−1 · f (s)) = (f−1 (y))−1 ·s for y ∈ f(A′), are local homomorphisms
between G and H (R)0.
Proof. First, note the following.
Claim 5.4. (i) If
(
x−11 · s
) · (x−12 · s) ∈ (A′)−1 · s, then
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φ
((
x−11 · s
) · (x−12 · s)) = φ (x−11 · s) · φ (x−12 · s)⇔
f
((
x−11 · s · x−12
)−1)−1 · f (s) = f (x1)−1 · f (s) · f (x2)−1 · f (s)⇔
f (x1) f
((
x−11 · s · x−12
)−1)−1
f (x2) = f (s) .
(ii) If
(
f (x1)
−1 · f (s)
)
·
(
f (x2)
−1 · f (s)
)
∈ f (Y )−1 · f (s), then
φ−1
((
f (x1)
−1 · f (s)
)
·
(
f (x2)
−1 · f (s)
))
= φ−1
(
f (x1)
−1 · f (s)
)
·φ−1
(
f (x2)
−1 · f (s)
)
⇔
(
f−1
((
f (x1)
−1 · f (s) · f (x2)−1
)−1))−1 · s = x−11 · s · x−12 · s⇔
x1 ·
(
f−1
((
f (x1)
−1 · f (s) · f (x2)−1
)−1))−1 · x2 = s.
Proof. It follows directly from the definitions of φ and φ−1.

We will show in Claim 5.6 that each of φ and φ−1 satisfy one of the equivalent conditions
formulated above. To prove Claim 5.6 we will use the next technical fact.
From now on, let s′ = f (s) and t′ = g (t).
Claim 5.5. (i) For every y1 ∈ f (A′) and every y2 ∈ g (B), f−1 (y1) · g−1 (y2) =
h−1 (y1 · y2).
(ii) (f (A′))−1 · (s′ · t′) ⊆ g (B).
Proof. (i) Let y1 ∈ f (A′), so there is x1 ∈ A′ such that f (x1) = y1. Let y2 ∈ g (B), so there
is x2 ∈ B such that g (x2) = y2. Since A′×B ⊆ Z, then y1 ·y2 = f (x1) ·g (x2) = h (x1 · x2);
therefore, h−1 (y1 · y2) = x1 · x2 = f−1 (y1) · g−1 (y2).
(ii) Let x ∈ A′, then x−1 · (s · t) ∈ B, so g (x−1 · (s · t)) = (f (x))−1 ·h (s · t) = (f (x))−1 ·
(s′ · t′). Hence, (f (A′))−1 · (s′ · t′) ⊆ g (B). 
Claim 5.6. Let x1, x2 ∈ A′.
(i) Let z−1 = x−11 · s · x−12 . If z−1 ∈ (A′)−1, then f (x1) f (z)−1 f (x2) = f (s) = s′.
(ii) Let w−1 = f (x1)
−1 · s′ · f (x2)−1. If w−1 ∈ f (A′)−1, then x1 ·
(
f−1 (w)
)−1 · x2 = s =
f−1 (s′).
Proof. For the following recall that (s, t) ∈ A′ × B, and A′ × B ⊆ Z, so for every (x, y) ∈
A′ ×B, f (x) · g (y) = h (x · y).
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(i)
f (s) · g (t) = h (s · t)
= h
((
x1 · z−1 · x2
) · t)
= h
(
x1 ·
(
z−1 · x2 · t
))
, since z−1 · x2 · t = x−11 · s · t ∈
(
A′
)−1 · s · t ⊆ B,
= f (x1) · g
(
z−1 · x2 · t
)
= f (x1) · f (z)−1 · h (x2 · t)
= f (x1) · f (z)−1 · f (x2) · g (t) .
After cancelling g (t), the desired conclusion is obtained.
(ii) By Claim 5.5, we have the next equations.
f−1
(
s′
) · g−1 (t′) = h−1 (s′ · t′)
= h−1
((
f (x1) · w−1 · f (x2)
) · t′)
= h−1
(
f (x1) ·
(
w−1 · f (x2) · t′
))
, since w−1 · f (x2) · t′ = f (x1)−1 · s′ · t′ ∈ g (B) ,
= f−1 (f (x1)) · g−1
(
w−1 · f (x2) · t′
)
= x1 ·
(
f−1 (w)
)−1 · h−1 (f (x2) · t′)
= x1 ·
(
f−1 (w)
)−1 · x2 · g−1 (t′) .
After cancelling g−1 (t′), we conclude the claim. 
This finishes the proof of Proposition 5.3. 
Theorem 5.1 is proved. 
Claim 5.7. Let G be a definably connected definably compact group definable in a sufficiently
saturated o-minimal expansion of a real closed field. Let X ⊆ G definable with G00 ⊆ X.
Then there are definable sets X1,X2 ⊆ G such that X1 is definably simply connected, X2 is
definably connected and symmetric, and G00 ⊆ X1 ⊆ X2 ⊆ X.
Proof. By saturation, G00 =
⋂
i∈NXi =
⋂
i∈NXi · X−1i , and since G00 ⊆ X, then there is
i ∈ N such that G00 ⊆ Xi ·X−1i ⊆ X. By the Cell decomposition Theorem ([24]), Xi is a
finite union of definably simply connected cells, thus one of them has to be generic, call it
C. By [3, Proposition 2.1], there is g ∈ G such that G00 ⊆ C · g ⊆ C ·C−1 ⊆ Xi ·X−1i ⊆ X.
Finally, let X1 = C · g and X2 = C · C−1. 
Remark 5.8. By Claim 5.7, the definable generic set X of Theorem 5.1 can be taken
either definably connected, symmetric, and G00 ⊆ X, or definably simply connected and
G00 ⊆ X.
Let X be the set in the conclusion of Theorem 5.1. As G00 ⊆ X, then there is X ′ ⊆ X
symmetric such that G00 ⊆ X ′ ⊆ X ′ ·X ′ ⊆ X. Then the next result holds in R:
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Corollary 5.9. Let G be a definably compact definably connected group definable in R.
Then there are
(i) a connected R-algebraic group H such that dim (G) = dim (H (R)) = dim (H),
(ii) definable sets X ′,X ⊆ G such that X ′ is a symmetric neighborhood of the identity of
G and generic in G, and X ′ ·X ′ ⊆ X,
(iii) a definable homeomorphism φ : X ⊆ G → φ (X) ⊆ H (R) such that φ and φ−1 are
local homomorphisms.
By transferring Corollary 5.9 from R to any real closed field, we have that Corollary 5.9
holds in any real closed field, not necessarily sufficiently saturated.
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